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SUMMARY 


The possibility of a direct determination of the intrinsic parity of the neutral z-meson by 
means of a bubble chamber experiment is investigated. The cross section for pair production 
by both the photons from the decay of a neutral z-meson is computed as a function of the 
angle y, defined in the following manner. Each positon-negaton pair defines a plane. y is the 
angle between the projections of these normals on a plane, perpendicular to the photon direc- 
tion. The cross section has the form 


do Py 
——=o (1 B cos’ 2). 
dy 


The sign is + for a scalar, — for a pseudoscalar meson. The. computation gives p= 0.0091. 
The Born approximation is used, and the effect of screening is neglected. 


I. Introduction 


It is generally assumed that both the charged and the neutral z-meson have 
odd intrinsic parity. This is experimentally verified for the charged z-meson, but 
not for the neutral one. The experiment used for the determination of the parity 
of the charged z-meson is the absorbtion of negative 2-mesons in deuterium. 
From the fact that the reaction 2~+D—2N occurs with great probability [1], 
one can show, using only conservation of parity and angular momentum, that 
the negative z-meson is pseudoscalar [2]. Of course, there is then every reason 
to believe that the positive z-meson also has odd intrinsic parity. 

The argument used for the determination of the parity of the neutral 7-meson 
is of an entirely different character. The frequency of occurrence of the two 
processes 


gr Nm a =>2y (1) 
and a-+P>Nt+y (2) 
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is measured with the result that the frequency is almost the same for both 
processes [1]. Using weak coupling theory arguments, one can conclude from this 
fact that the neutral z-meson has to be pseudoscalar, unless we assume a coupling 
constant which is very much larger than that which gives a reasonable strength ° 
for nuclear forces [3]. However, there is no reason why in meson theory the 
coupling constants defined from different experiments should be equal, or even 
of the same order of magnitude (cf. e.g. [4]), and the argument used to rule out 
even intrinsic parity for the neutral z-meson is thus very doubtful. A more 
direct experimental verification of the parity would therefore be very desirable. 
Such an experiment was first suggested by Yang [5]. The parity of a particle 
with spin zero, that decays into two quanta, can be determined from the relative 
polarization of the quanta. For even parity, the planes of polarization of the 
two quanta are parallel; for odd parity they are perpendicular to each other [6]. 
If both the decay photons produce positon-negaton pairs, the relative orientation 
of the polarization planes could in principle be observed by means of four 
counters, registering the four outgoing electrons. It turned out, however, that 
the experiment suggested by Yang was in its original form too difficult to be 
used practically for the determination of the parity. With the recent development 
of bubble chambers the experiment might be feasible, using a bubble chamber 
instead of the counters for the observation of the electrons. Therefore, we found 
it worth while to compute the cross sections for two-pair production from the two 
quanta emerging from a decaying particle with spin zero, and with odd or even 
intrinsic parity. 


II. Derivation of the cross sections 


The element of the S-matrix corresponding to two incoming photons with 
momenta k and k’ and with polarizations e and e’, and two outgoing positon- 
negaton pairs with momenta p,, p_ and p\, p_, respectively, is written 


P41 P_i P+, p-|S|k,e; k’,e’>. (3) 


In the case that the photons are the two decay photons from a neutral z-meson, 
the state of polarization of the two-photon system depends on the parity of the 
m-meson in the following way. Let e, and e, be two orthogonal polarization 
directions, A state with one photon with momentum k and polarization e, is 
written |k,e,>. Then the two independent states of circularly polarized light are 


k, L| k, 
| Dt es» (4a) 


and |, ety ul e> 4k, ea). 
V2 


|&, e*> 


(4b) 


The total angular momentum of the system must be conserved in the decay 
process. As the decay of the 2°-meson into two quanta is the result of a strong 
interaction, we have every reason to believe that parity is conserved as well 
Thus the two-photon state has to be a state with zero angular momentum, and 
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with odd or even parity, depending on whether the intrinsic parity of the 
m-meson is odd or even. In the center-of-mass system of the meson, where the 
two photons move in opposite directions, the states with zero angular momentum 
are 

|a> =|, e*> |k’, e’ ®> (5a) 


and [b> =[k,e”>|k’,e’*. (5b) 
The following superpositions of these states have a definite parity [6] 
1 1 

k, k’; +> =— (|a>+|b>) =— (hk, e*)|k’,e’ ®) +|k, e*>|k’, e’ =>) (even 6a 

| oy ere) 75 >| >+|h,e*>| >) (even) (6a) 
and 
1 
va | 
V2 


Inserting (4) into (6) we get 


1 
|k, k’,->= eet Seiler alknekc be >| ke >) (odd). (6b) 


1 , , , 
Be arin ein 18 ea) b: €47) (7a) 
1 4 , 
and | k, CEL ee (|&, e:>| K’, eg> +], eg>|k’, e1)). (7b) 


The elements of the S-matrix for two-pair production thus become 
P+, P-3 P+, p-|S|k, k’, +) 


1 , , poe ’ , eee, 
Bg Phe) erp] MIE ex) — pes p-| Mb o> <ps,p-| M|R'.€2)) (8a) 


for the case of a scalar meson, and 
{P+ P-; P+, Pp-|S|k, k’, —> 


1 , , 7ere t , a 
Bg PP | MLK er) pss P- [Mh ca>+<pssp-| Mb, e) Cpr, P| 12) (8 b) 


for the case of a pseudoscalar meson. Here <p,, p_|_M|k, e,> is the matrix element 
for pair production from a photon with momentum & and polarization e,. The 
cross sections for two-pair production are then proportional to (for brevity we 
put <p,,p_|M|k,e>=M (e,) etc.). 
<p, p-3 pi, p|S|k, k’, +> P= 4 {| M (ex)? | M (ex) + | M (en)? |" (ea)? — 
— M* (e,) M’* (e;) M (e,) M’ (e2) — M* (e.) M’* (e) M (e,) M’ (e1)} (9a) 

and 
|<ps,p-3 p'., p-|S|k, k’, —>P=4 {| M (e,)/? |’ (e2)[? + | ME (en)/? | MC (ex)? + 

+ M* (e,) M”* (et) M (e,) M’ (ex) + M* (e,) M’* (e2) M (eg) M’ (ex)}. (9b) 
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The matrix element for the production of a positon-negaton pair with momenta 
p, and p_ from a linearly polarized photon with momentum & and polarization 
e;:(i=1,2) in an external field Aé*' (x) is given by 


ios lo iy(p,—k) +m iy(p-—k)—m 
épesP- [Il sei)= Fam”) ru rte ey ee Wel 


xu (— -p,) AS" (gq) 226 (wm —€4 —€_) (10) 


(cf. e.g. [7]), where g=k—p,—p_ and As?! (gq) ={ dx Af7* (a) e'%*, Tt is evident 
from (10) that if we sum over the polarization directions of the outgoing elec- 
trons, <p,,p—|M|k, e:> <p, p-|M|k,e;> depends on the polarization vectors of 
the incoming photons only through the factor 


The trace in (11) is a bilinear function of the polarization vectors e; and e; and 
thus the product of the matrix elements is of the form 


M (e;) M (ej) = > (e+ Am) (e3* Bm) + (e+ &) C, (12) 


m 


where An, Bn, and C are functions of the momenta. If we put e; =e;=e,, we get 


M (e,) M (e,) = > (e,* Am) (€;° Bn) +C (13 a) 


m 


and if we put e;=¢,, e;=e, 
M (e) M (ex) = > (64° Am) (¢2* Bn). 


In the case we are interested in, pair production by the Coulomb field from a 
nucleus with charge Ze, the cross section for pair production from a photon 
with polarization e is [8] 


c .p\% 2 
«2| (26 See ene ) -¢F (2 fe -Pas 
* pk pick)" \p ok py-k) * 


(14) tells us that M(e,) M(e,) is of the form 


M (e,) M (e,) = («+ e)*— (B-e,)?-+y (15a) 
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and a comparison with (13) gives 


M (¢) M (eg) = (a + ey) (%* ey) — (B e1) (B+ eg) (15b) 


with the same « and f as in (15a). From (9), (14), and (15), we get the following 
expressions for the cross sections 


o2 ZA li , , , 


x 2 {[(A +e)’ — (B+ e,)? + O] x [(A’ +e)? — (BY ex)? + CJ + 
+[(A +e)? —(B> eg)? + C]x[(A’ + eg)? — (B’ + e3)? + C’]— 
—2[(A+e,) (A>) —(B-e) (B- eg)]x[(A’: ex) (A’* ex) — (B’ + 1) (B’- €2)]} (16a) 


and 
2 


Z ie 
ac). = ine we 
w 


(2 2)* 
x {[(A + eg)” — (B+ eg)? + C] x [(A’ + e1)? — (B’+ 1)? + C’] + 
+[(A-e,)?— (B-e,)? +O] x [(A’ + e3)? — (B’ + es)? +0"] + 


+2[(A +e) (A+ ey) — (B-e;) (B+ e,)]x[(A" €1) (A’ + es) — (B’ + e1) (B+ e3)]}, (16 b) 
where 


dQ, dQ_ PrP oes dQ’ dQ’x 


1 P- P+ 
A =—s (2 e, —— +22 1 
“Al ok : a) e) 
1 P- a) 
oe — : 16d 
Baia (poe pk st 


2.2 

sean ety p+ k nt) 

C= me 7 16 
al p.kp_-k p_-k pick ( e) 


Ill. Introduction of coordinate systems and integration variables 


We now introduce two coordinate systems, one for each positon-negaton pair. 
In both systems we use the direction of the incident photon as z-axis, and as 
, , . 

a- and y-axes we use @,,@3, and ¢j, é:, respectively. 


e, (y) 


e, (x) 


Fig. 1. The coordinate systems used in (17) and (21). 


In these coordinate systems the expressions for the cross sections are 
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do.= ae rim! Pe P_ oes dQ.,.dQ_ pees: d.Q', dQ! x 
x2{(A, Al — Ay Ai,)?— (Az By — Ay By)? — (Ay By — Ay By)? + 
+ (B, By — By, By)? + C[A2Z + A? — Be — By]+ 
+ 0’ [424+ A? — Bi — Bi]+200 (17a) 


274 , , , 
me oh gt BED HOD Od Oe eee ea Gan ae 
(2 2) a) @ 
x2 {(A, Ay + Ay Ay)? — (Az By + Ay By)? — (Br Ay + By Av)? + 
+ (B, By +B, By)? +0 [A2 +A?-—B2 -—B2)+ 


+ C’ (A? + A? — B? — B2]+200C'. (17b) 


We now introduce another coordinate system for the primed quantities, which 
is rotated an angle y around the z’-axis. The transformation is given by 


A, =A; cos p+ A; sin y, 18) 
A, = — A; sin y+ A, cos y. ( 


From (18) we get 
(4, 4p — A, Aj.) =} (A? + A2) (A? + A’) + 
+4 cos 2w[(Az — AZ) (A? — A?) -4A,A, At Aye] + 
+sin 2p[(A? — 43) Ay Ay+(A2—A3)4,4,] (19) 
and 
(A, Ay +A, A;,)? =} (A? +A?) (Ao +A) — 
— 4 cos 2p[(A? — 43) (A. — AB) —4.A, Ay Aye Aie]— 
—sin 2 p[(Az — A?) A}. Ajo + (A; — A;?.) A, Ay]. (20) 


Inserting (18) also in the other terms of (17a) and (17 b), we obtain the following 
expressions for the cross sections 


do, = aa in bad SALLE fea a dQ! dQ’ x 

x {(4z + Ay — Bi — By +2C)(A2+ A}. — B2 — B42") + 
+ cos 2p[(Ai — Aj — Be + B2) (A? — 4/2 — B2 + By:)—4(A, A, —B,B,)x 
(Ar Ay — By, By»)| +2 sin 2 y[(A2 — A? — B2 + B?) (Az. Ay» — By By.) + 
+ (Ay. — A}. — B? + BY2) (A, A, —B, B,)}}. (21) 
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The following system of angles is used to define the directions of the outgoing 
electrons p,, p_. Let # be the angle between the direction of the incident photon 
and the direction of the normal # to the plane, defined by the outgoing pair. 
The angle between the projection of # on the x—y-plane and the z-axis is 
called y. uw; and w_ are the angles between the line where the plane defined by 
the outgoing pair cuts the x—y-plane and the direction of the outgoing positon 
and negaton, respectively. The corresponding dashed quantities are defined in the 
same way for the p.—p_-system. 


Fig. 2. The system of angles used in the integration of the cross section. 


The formulae effecting the transformation from the system of polar angles 
(0., 9+, 9_,p_) to this system of angles are 


sin 9, cos gy, =sin wu, cos # cos y+ cos Ux sin Y, 
sin 9, sin gp, =sin vw, cos # sin y—cos Ux COS @, (22) 


cos $, =sin uv, sin ?. 
The Jacobian of the transformation is 


P (oot 0 a7'9s5 1008 0 P2)!— | aie (uy —w_)[-| sin O|. (23) 
B(us, u-, 8, 9) 


We shall carry out an integration over all the angles, except the relative azimuth 
of the normals. As the different systems of pairs are separated in (21), we see 
that the integrations to be carried out are 
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2n 2n a ! 
q; =| du, J du_|sin (uw, —w_)| i sin’ddOxG, (¢=1, 2, 3), 
i) a 0 


G, = A? + A? — B? — BY +20, 
G, = A2 — A? — B? + B?, 
Gy =2(A, Ay — B, By). 


_————__- 
~_-~ 
bo 
~ 
— 


We now choose the direction of the z-axis so that the projection of the normal 
fh on the «—y-plane makes the angle +z with both the z-axis and the y-axis. 
A, and A, in (24) are of the form 


A, =2Piz2 +B p-z«> (25) 
Ay=epryt+B p-y; 


where, according to (22), 


P12 =p. [sin us cos ? cos p+ cos Ux sin G], 


Psy =p. [sin us cos # sin y—cos uz cos Gg]. (26) 


With our choice of coordinate system, p=}, and 


Az — Aj =2 (opi, sin wu, cos u,+aB p, p_ sin (wu, +u_) +f p® sin u_ cos u_) cos #. 
(27) 


From (22) we obtain the following expressions for the angle-dependent factors 
in the denominators of (14) 


G =o +p. +p. —2op, sind sin u,—2wp-_ sin 0 sin u_+ 
+2, p_cos (us, —u_), 

; : (28) 

p+°'k= —e,w(1—8£, sin @ sin u,), 


p--k= —e_w(1—B_ sin @ sin w_). 


It is clear from (28) that « and £ depend on ? only in being rational functions 
of sin #, and, as is seen from (27), the integration over @ in I, takes the form 


fsin Od cos # f (sin?) =0. ; (29) 
0 


Thus J, is equal to zero, and we have only to compute J, and J;. Alternatively, 
we can arrive at the conclusion J,=0 in a more physical way. The cross sections 
for pair production from a photon with polarization along the z-axis, and a 
photon with polarization along the y-axis are proportional to, respectively, 


o,~ A? —B; +C, 


oy AEA Ca) 


ARKIV FOR FYSIK. Bd 13 nr 1 


and it is immediately clear from symmetry reasons that the integrated cross 

sections are equal, what gives J,=0. In order to get the same result for the 

primed quantities, y has to be chosen to be the relative azimuth of the normals. 
With our choice of coordinate system we also get 


2A, A, =a" p* (sin? wu, cos? &— cos? u,) + 
+2aB p, p- (sin w, sin u_ cos* —cos ux cos u_) 


+ Bp” (sin® w_ cos? %— cos? u_) (31) 
and 


Az + Aj =a? p* (sin? uw, cos? + cos? uz) + 

+2af8 p,p- (sin u, sin uw_ cos? #+cos us cos u_) + 

+ B? p® (sin? w_ cos? %+ cos” u_). (32) 
The last formula is true not only for this special choice of the x-axis, as A? + A? 


is invariant with respect to a rotation around the z-axis. Thus 


22 2a 
f du, f du_|sin (uw, “If sin 0d) (A? + Aj) =~ fda, faa. (42 +45) (33) 
0 0 » 


I, =~ [dQ, fdQ_ (42 + A} — B —B3 +20). (34) 
MLA 


That means that the integrations to be carried out in J, are exactly the same 
as the integrations appearing in the total cross section for pair production from 
an unpolarized photon, as computed by Bethe and Heitler [9]. Thus we can 
write down J, immediately from their result 


47 Beeps! OS, Fa. Fey em : 
—— “se ES oe ee be 
ema \,3 pt pi p. a a 
+1 [7B wo Br Sead Se Ms py 
Pip. p+p- 3prp- 2p4p- 
wom £,€_wm wm m® we. e_|) 
q o— — 4 + 2 ee S38 ; (35) 
2p, pe 2 pi p- 2p p- pp. jj 
2 
Ll, =2 log b2 TPs. L=2 log A do lp 
m wm 


From (31) and (32) we get 
9A, A, = Az + A2—2 (0? p® cos* uw, +208 ps p_ cos uy cos u_ + fp” pcos? u_) (36) 
and thus I,=I3—Is', (37a 


where I,=~ fa, [dQ_ (A? + Aj BE -BS) (37b) 


ERIK KARLSON, Electron pairs created by y-rays from the m°-decay 
and 
22 2x nm 
Is =2 f du, f du_|sin (u,—w_)| i sin Od dx 
0 0 0 
x [(a2 — y?) p? cos” w, +2 («8 — 76) py p- cos ux cos u_ + (6? — 6°) p2 cos? u_]. (37¢) 


Here y and 6 are given by B,=ypyr2+0p_2; By=y Psy +O p-_y. If we summarize 
the results of the analysis above, we see that the cross section for two-pair 
production expressed as a function of the angle w between the projections, on a 
plane perpendicular to the photon direction, of the normals to the planes defined 
by the outgoing pair is of the form 


do=a(1+f? cos 2y)dy, (38) 
where the sign is plus for a scalar meson, minus for a pseudoscalar. The value 
of f is 

ols 


p ? 39 
where I, is given by (35), 


=1 | aa, [ao 
wu 


P+eP-2t Pry z-1) ~ 
P+ kp_-k 


hes 2 (Zeer Dir + Pty _9 P+eP-2 tT Pry P-)) (40) 
7 \' (p> ky Sp) pi kp_-k 
and 
2x 22 nm 
Ts =2{du, f du_|sin (wv, —w_)| f sin 0d dx 
0 0 0 
1 2 Pe cos? w_ py. cos? u P+ P- COS Uy. COS U 
Sole (Fe eae ee ph Meena oe —— = =)- 
Lae (pk) (Beebe a Aerigeh pale 
1 (p® cos? u_ pi cos* ux . p, p_ COS Uy Cos U- 
a2 77 ao (41) 
q \ (p--k) (pk) pr kp_-k 


IV. Computation of J; 


The term J; is part of the Bethe-Heitler cross section, and is thus relatively 
easy to compute. The most convenient way of carrying out the integrations is 
the method used by Gluckstern and Hull [10]. We illustrate their method by 
computing the first three terms of J;. In the first term the angles associated 


with the positon enter only in gq’, and we can carry out an integration over 
these angles first. To do this, we write 
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q =(7? + p+) (l—D;- a), (42) 


where @=27'/(T? +p?) and T=k—5_. Thus 


' 1 27 
i + 3 | | 
J apres gep | 4a pa aarp | oe 


1 4x It 


(l—p,acos6y, a)? T?—p% ~ ow & (1—B_ cos 6_)? ea) 
The first term of J3 is thus equal to 
2 8 Hs 2 29 
Ae PaIE | sin® 9_ 32 2% p- 
Skldag q = ; 
e+ wt et feo8sft) (l—B_ cos 0_)4 3mtot ah) 


a 


To get the second term of J; we have only to change plus into minus and vice 
versa in (44) 


1 prtpiy 32 
#2 [aa. [aoa t +P Bee (45) 


In the third term of J; we use (42) and 

p.-k= —e,w(1—p, 5), (46) 
where 6=k/E,w. The expression p;.P-:+PsyP-y may be thought of as the 
scalar product of p, with p_, the projection of p_ on the plane perpendicular 


to k. p_ lies in the p_—k- plane, and can thus be expressed as a linear combi- 
nation of p_ and &, or of & and 6. 


p_=ma+nb. (47) 


The conditions ~.-k=0 and p?=p= sin? 6_ determine the absolute values of 
m and n. The signs can be determined by the condition p_-p_ >0. The expres- 
sions arrived at are 


2 2 
Pees MP (48 a) 
2 
and 
n=e,(w—p_ cos 6_). (48 b) 
Thus P+2eP-2t Pry P-y = —m(1—p,+d)—n(1—p,-b)+min (49) 


and the term of J; under consideration can by the integration over dQ,, which 
we carry out first, be split up into three parts 


1 pyr P-r+ Py P-y m | 1 
é ius at soles, 
[ao (Py? pk (1? + p.)? E+ @ (1— p, °a) (1—p,-5) 
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] 

nN 

dQ,————, - 
were ll ‘dp, ap 


m+n 1 
ws dQ, -— =p ea 
Tell (1—p, +a)? (1—, -5) 


The terms of (50) can now be integrated in the following way. The integral 
in the first term is rewritten with the aid of the identity [11] 


1 
(wf) "= fdxlax+p(1—2)] (51) 
0 
what gives : 
li 1 
ectrerer rer) } “U7. -o) 
where g=2xd+(1—2)b. If g is now used as the polar axis, we get 
Laer! 
Q : 2 [a fa Ql) : 
= cos 
fe * (1-9, -4) (l—p,- 6) a pe! ea (l—p,g cos 9p, 0)” 
1 
d 
=47 a (53) 


where X=1—p%g? is a quadratic in x. If we carry put the x-integration we get 


[ao 1 a (T? + pi) e+ 
"(1-B,-@ (1—p, +5) ep, p_ (1—B_ cos 0_) 


Fh (54) 


where L is the quantity introduced in (35). The integration over the remaining 
variables in the term considered is now elementary and straightforward. The 


other terms of J3 are treated in an analogous way, and we give only the 
result here 


, 47 8 mm? ¢e,m? e_m m? 
$= ae es eS ie lee Let 
mol 3 —p, op gan “Tye P,P.” 


8 # 2 2 
+1| ELE eS aoe 
3p, Pp  -p, p_ P+ P- 


_ ma _ mo m w mw || x 
BP 2p po pe oa agae a 


V. Compution of I;/ 


What remains is to compute the second part of J;, that is to compute the 
following six integrals: 
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2x 2% 


G,= | du, {du_|sin (u,—u_)|[sin 0d0xF, (i=1, 2,3, 4,5, 6), (56a) 
0 0 0 


_ __¢0s” u_ da 
1 Pp sate 
3 Cos” wy re 
GP (pb eee 


COS U, COS U_ 


ape ’ 56 d 

* (P) py k pk ae 

cos? w_ (56 ) 

= See e 
* @ (p_-k)? 

er COS 20, (56 £) 
° F(p,-kF 

COS U, COS U_ 
.= + (56 g) 


Fp, kp_-k : 


Of course, we get F, and F; from F, and F, respectively, by everywhere 
interchanging the role of plus and minus. Thus we have only four essentially 
different terms to compute. To compute G,, we introduce the angle w=u_—w,, 
and use u_, u, and # as integration variables. We write 


7 =a, (1+ fi cos wu_+y; sin w_), (57 a) 
—p_+k=a(1+ fz cos u_+y2 sin w_), (57 b) 
where 
Bi. vi = Bi sin Oe Vi sin 0; (57 c) 
=o +p. +p? +2p,p_ cos u; a,$,=2wp, sin u; a, 7,= —2w(p_+ p, cos u); 
(57 d) 
Ba—t-w; B,—0; y= —f-. (57 e) 
The integral over w_ now takes the form 
22 
J cos” w_ 
vk (1+; cos w+; sin w_)? (1+ fy cos u_ + y2 sin u_)? 
0 
22 
(58) 


2 ‘ 
~ OBL es | pies (1+ Bj cos w_ +; sin w_) (1+ fe cos w_ +2 sin w_) 
0 
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Using the identity (51) we have 


22 


du_ 
| (1+ Bi cos u_ +7; sin w_) (1+ fe cos w_ +2 sin w_) 
0 


1 22 1 
du 1 
7 ; = = —aw, (6 
Sellar cos u_+y"’ sin u_)* an | deg (59) 
0 0 0 


with p’=fixt+f2(1—2); y'=yie+y2(1—2). The most convenient way to con- 
tinue the computation is now first to carry out one of the differentiations in 
(58), say the one with respect to #1, and then carry out the integration over 


1 2a 
cos? wu, 
. d d he. ; 7 5 — 7 / . 
ee : af “(1+ Bi cos wy +7; sin u_)? (1+ By cos w_ +72 sin w_)? 
Es 1 
é B 
=6 — 
“| sin aden, [ara — (62+ y*) sin? ays 


i 
ene Oy pu 2Bx 
~sagp, | alata se 


where f’=6 sin 3, y’=y sin &. From (57) and (60) we now get 


Es 4 22 1 
[ sin odo | du-F,= 3%, { ax(1—2)xx 
0 0 “148 
1 2 2 p 8p? 
feercnereanciec joo ie 


The expression 1—f?—¥y? in the denominators of (61) is quadratic in x. Its 
explicit form is 


1— f?—y? =a, + bg x4 cy2”, ‘(62 a) 
where 
2 
a, =1— oe be ? 
»=1-f8-8=% (62 b)_ 
9 2 2 Ee ae ste 
bs = — 2 [Bs (Bi — Bs) + 2 (v1 —Y2)] = Mewtiad oly iebie (62 c) 
é— (w@" —y) 
3 = —[(B1— Ba) + (1-9) 1= 62d 
e (w* — y)? ( ) 
Y¥=£,e_+m—p, p_ cos u, (62 e) | 
Ys =(w" — p’) y?—-2 7 (e, e+ m2) y+ mot. (62 f) 
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The integration over the auxiliary variable x is now carried out, with the result 


mt 22 
| sin odo | du-F, 
0 0 


47 Loree y b y 1 eo.c0 fe 
= >3>5/-—-+-1 se |, : _ 
oe Cs 6% °8 w—y c °8 way vc ee eat OB 
bmg be *) 1 4 2(2a,+6,)_ 1 2°72 0 
—(-2 + —— 2) ——}, + = - 1, +2 [3+ 
be 203 C3 V—-q % q3 93 V-q " i 3 C3 93 
12 by y 1. 26 E_ 
Sige a a | = es See 
+(3+ 2) eat, (a+ a sin 
2cg3 C3 C3 C3 93 V- Ys Ys 93 (4g + bg + Cg) 
12a3(2a3+b,)_ 1 : 
fs ; // al 
93 — W® 


The expression given in (63) should now be multiplied with |sin «| and inte- 
grated over all values of uw from 0 to 2z. Instead of uw we use the variable 
y=e,.e_+m?—>p,p_ cos u as integration variable. For all the terms of (63) 
except those involving log [y/(w*—y)] the integration over y is elementary. We 


write 
G.=Git+ ay, 


where Gj is the part of G,, involving only elementary integrals, and G;’ is the 
part involving log [y/(m?—y)]. After a straightforward but lengthy calculation 
we get the following form for Gj: 


gi tm (26 +m’) 12x 6e, a 
© 8rbotp. ‘wtp. pt ofp pe” 
4n(ei +m’), ee. 4me- 3 


ol i lL bE abet eat bey (sary Pe oes ee 
m w* p® p* °8 im wo p® p*. Em nS) 


As an example of the treatment of the terms in Gj’ we compute the term 


Us 


22 
| eet 2 d 
y=42{ |sin a | du——— log y= = [Pre (66) 
0 zs — 


2 ae 2 
aC,  w—y wp,p-J Ys ~w 
yy; 


where y,=6,€_+m"—p,p_, y,=e.e-+m'+p,p_. As new integration variable 
we introduce 


t=! (67) 
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22 dt 
= — log t, (68) 
and get ODP, T, g 
where 
ea + Chee 
T, =e. —2e,e_t+m? =e (t—tg) (t— ty); as oe (69) 
J can thus be written ; : 
7 * dt x dt 
= log t— log f. 70 
pew lee ce tadpole (79) 


The integrals appearing in (70) are of the form | [log ¢/(t+a)]. All integrals of 


this form can be expressed in terms of a function of a single parameter, a 
possible standard form of which is the function 


—log}1— 

jer a4 deal (71) 
0 

which has been studied and tabulated by Mitchell [12]. If J is expressed in 

terms of this function and elementary functions, the result is 


joe ts log = Te tate Wb t/t) Py (l= t/t) = 


oe ty log + ez ts (his ty/ty) +f(1 -4/t)| > (72) 


MLA 
<a ee ee 
wo" €_ py p- 


A 
a Oe 
@ é_ Pp, p- 


The other terms of G;’ are treated in a similar way, and the result is 


fo aS —t,/t 
ee a/ bas ay 2 ¢ 
: wo* p> p> oe ‘s log 5 1 —t,/ts f(1—ty/ts) +f (1 t/t) 
27 €_ 1—ty/ty _ 
Sotpiat oe ty vee ree? loan f(l—t,/t,) +7 (1 ~4/t0] = 
ts TE log ty log t, t/t 
ic os z log t, +log t ea 
om pe oon) te tal epee 0c eee ey 
Toby 370 e_ | log ty log t, /t. 
wo wi = ==ik 2/ “4 
(= Pp opp) fi Sayin =A og t, + log t, + log i rae |- 
ts log t, log t, l 1 
R +log t,—log t, + = sa 
o'p,p~| (1—t,/ts)*  (1—t,/t5)" te 1—t/tz 1—t,/t, 
1—t,/t | mt | log t log t 
—lo a3} — ee & bs og ty e 
1—t/ts] ofp, p® | (1—t,/t)?  (1—t,/t,) + log t, —log t+ 
ee ne UE Pe LL? 
1—-t/t, 1—-t/t, Sere Laer (73) 
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We next turn to the computation of G,. The same integration variables as in 
the integration of G, are used. We also introduce the notations (57) and 


—p,°k=a3(1+ 3 cos u_ +3 sin w_), (74 a) 
where 

Bs=B; sin 8; y3=yg sin 9; (74 b) 

%=e,0; Pz=B, sinu; ys= —B, cos u. (74 c) 


The integral over u_ is now of the form 


22 
| du_ cos u_ (cos wu cos u_+sin w sin u_) 
(1+; cos u_+yj; sin u_)* (1+ f3 cos u_ +s sin u_) (1+ 3 cos u_+yy sin u_) 
b 
2% 
g 0 du_ (cos w cos u_+sin wu sin u_) 
66; J (1+f; cos u_+y; sin u_)(1+f3 cos u_+y5sin u_)(1+f3 cos u_ +y3 sin w_) 
0 
(75) 


The integrand in (75) can be split up into three terms 


cos uw COS U_+sin w sin uw 
(1+; cos w_ +; sin w_) (1+ fg cos w_ +s sin w_) (1+ f3 cos u_ +3 sin u_) 


Az 
= , , - tf , . te 
(1+ 62 cos u_+ ye sin u_) (1+ fs cos u_ +3 sin w_) 


a31 
/ , . / / . = 
Ed +83 cos u_ +3 sin u_)(1+ 1 cos u_ +; sin w_) 


= (1+ A; cos u_ +; sin os + Bs cos u_ +2 sin wu) ee 
with ; 

ong’ ere wae i ae: ATeaae oe 

am = cade ay Ae ae fea aE ? care ee 

te RE mm 


Making use of the identity (51), we can now integrate over w_ in the same 
way as in the treatment of G,. After this integration we have 


nm 22 1 % 
. 2a > 8 } 1 
[sin pd6 | du_-F,- = Sf | ae | sin odd an * 
0 0 0 


ee 
Oy Oy Oy O By 


Ag O31 Ay \ 77 
oa) ain? OB)" * [= Gh tye) om? OT" | [1 — Ga tye) am? ope? 
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where f.3;=/,%+/3(1—x) ete. We cannot carry out the integration over # in 
(77) directly, as each term gives a divergent integral. However, if we add —1 
to every term, which we can do without altering the value of the sum since 
3 + M3, +y,=—0, the integrals become convergent 


sf 


dd 1 eee] eee (B33 + 3s) 2 2 
[Feed tercseee seca er er ee et 


0 


Adding +2 to each term, we now have 


oy 


0 


[sm odd [ au-7, 
d 


I 


9 ¢ 
2x nti, fe ke oh ak ell 
O41 Op 3 0 By | 1 — B23 — 23 ; 


2 2 
+ sy fee — log (1 — B31 — 740] + yp Feces — log (1— Bik — »%)|| ; 


(79) 
The differentiation with respect to 8, and the integration over the auxiliary 


variable x are straightforward, and we need not go through the details here. 
The result is 


bs 4 22 
| sin odd | du +k, 
0 0 
2% [ea P0 ( € 1 
a 240) 1 -——+ log + {1 
Ot Oy og | D 1 a 1 cine 2c, V-q ae: 


b b é iS 
242%) log ¥ 2 log — (2 4s 
C3 wy C3 om 2¢ (oe y 3 


b € b 1 
2428) to cg el eke oe Si a i) 
Ce Sm 8 TF OS Pela hat 


4392 I3 V- Io 
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1 (2 2) ee oawb 
eet log | 2 
+28; E (- ce 8 in +(E+3) ee wo vil 


2 1 
(14249 ee) +) 
Co 2c VG 


2a, +b, Sa,e* |+ 


l 


+a (« |- + 
2(4A1 93(4g+b3+C3) qs V-q 


ea y b é. bF—2a,c,. 1 
+2 haa | = 3] et TES at )). 8 
Pa 5 C3 ae Oy Ce °F im ¢ 2¢§ =| ‘ 
where 
pe : - a a bs _P+P-Y sin wu 
Bs (Y2— 71) + Ba (Ys — Ya) + Bo (Yi — Ys) €, &_(w*—y) 


cate £,€.-—p,p_ cos ut+V(e,€_—ps p_ cos um" 
£,€.—p,p_ cos u—V(e, e_ — p, p_ cos u)?—m! 


m 
iy betes og 
+ 
2 2 
by =a — [ex (4 €-— Ds P- 008 u) —6_ m 
Res 
I ee ek 
Cy =a 3 [e+ + €-) mm —2e, €- (6 €_ — Py p_ cos w)], 
rs 
4 2 4 
Gis ~ ee (les 8 — Pe B= cos u)"— m*], 
+ —y 
y 
2 (ay)? 
_2@y(e_w-y) 
; €, (wy) 
Y, 
Be sh (oy) 


and ds, bs, and cz are defined in (62). The remaining integration is performed 
in the same manner as for G, by introducing the variable y, also defined in 
(62). Most of the terms of (80) give rise to elementary integrals, the only 
exceptions being the terms involving log [y/(w*—y)], and the terms involving A. 
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The first kind of terms is treated in the manner outlined for the corresponding 
terms of G, by introducing the variable t=y/(w*—y). The integrals can be ex- 
pressed in terms of elementary functions and /-functions. The term involving 


A is treated in the following way. We introduce the variable 


€,E_— P+ P- COSU 
L= : 


m2 


The term under consideration is then equal to 


22 


—20 [adn |sin | = 22 oe (2 i) WN 
a 


1 eg Oe 


0 
r dale, e_a?—(er +e2) +e. €_] a +Va2?—-1 
Se eA ya hye lo 
m* w* pi, p~ J ( 


By means of a new transformation of the variable 


z=a+V2?-1 


g : 
ot1)?(e2 +e2 —2e, e_ 2) Va? —1 a —V2x?—1 


(81) 


(82) 


(83) 


we bring the integral into a form that tells us that this term also can be ex- 
pressed by means of elementary functions and f-functions. The result of the 


very tedious calculation of all the terms of G; is 


g _ 4% (2e, e_ +1’) (; 27 p- Qu (er +62 — 8, €_) I 
F 3 m4 wp. p- 3 m? w® py m? w? pi. p- ‘ 

27 P+ 2 (e% +2 — e4 &_) 2% &, (64 —€&-_) E 
(sorte - mw p, pe jus mw pp L, log — + 
2% &_ (€- e+) | E_ 47 &, Ex 47 €_ ae 

2 5 z 4 lo 2-5 anne O55 0g 
Mm w° ps pr mi mow p.p. ~m mw’ p, p- m 
27 €4 €_ (€;—e_) € 27% &4é_(é 

Biogen eee 

m? oo? p° p» m mw? p* p>. tale 
47 €, &_(€,—e_) Bi+ 8 Fs 

log |---|] log = — 

mo pp |B, B_| 8 m 
47 &, € (&_— 2&4) p++ B E mt (€. — 

Ee Og: | LO = > e-) p 

mw? p® p™ Behe ee op. p ts 1 (ts) + 
wt (8. — €_) mt (e@.—&,) = 

bea Ty (by) epee ot ee 
wo pe pet, 18) ob pt) wo pr pe 1) + 
7 Ls 
: or oat goa! a(S BES hg) 1 he 
op p89 opty. 840+ orp pe Tal ae ge Tal) 


20 


ARKIV FOR FYSIK. Bd 13 nr 1 


_ 4a (eh +22) 8a 8a 27 €4 €_ (&—e_) 
mw pp? mo pp? 4 


ie te ee ee) Sean Oe 
mo P+ p- mM" w° p. p~ 


Es 1 —(e_/e,) 2, os Ey 
Pe Mime fend 1 a9) +(-24)] + 


27 €4 €_ (€_—&, 
ay ER PS ae 
mM OO P+ P- 


- Veen e2 + + 
x [log $ tog F—EaLe=N2 — (1 £42,) + 7(1- Sa], (84) 


where we have introduced the following, notations besides those used in (65) 
and (73) 


, eee — , —) zs 
past BS. PR ELE OS (85 a) 
Ex Ex 
ts 

dt 
T’; (t3) = | gree t, (85 b) 

ty : 

" dz 
Zi = | ye z. (85 c) 


The integrals (85 b), (85c) give non-elementary functions only for i=1, e.g. 


1—t,/ty _ 
1— t,/ ts 
The remaining terms of 13’, Gy, G;, G, are computed in an analogous way, and 


thus we have no reasons to give the details of the calculation, the result of 
which is 


T, (tz) = log ts log (Ul ty/tg) so i oe t/t). (86) 


Veet cae 4 7 (e, e_ +m?) 47 €_ ine 
‘So pip. wp. p.(w*—pi)  w* p> (w*— pi) ~ 
8 2 €_ e. (S8ae-(e,6_+m?’) 47” &_ 
et og = L+-log— + 
op. p(w —pi)  m (ee a op. p(w —pt)) °° m 
4x Saxe é. 47(e,e_+m’) 
_ 2 + Blog te er 
Erie (w*—p.) p. p> (wp)? cmp p® (w*— pr) 
42 Ane 
oo St a es 
ina p-(w?— pi) p+ p (w*— p)*) * 
+( 22 p- 2am w 47 &_ eee) 1 r 
we pi (opi) pi pi (w*— pi) pi. p» (w* — pi)’ 2 
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fale or |i aw )=1( aw )|+ 
oo py pe (a — pay wo — yy 


wo” — Yo 
2m & 22e_m* ts 
iz (oa p> (w+ p+) 


ow ateete ) 
wo pp? (w+p.)? wp p® (w+ p4)* 


( Qa 2ue_ mt, 
wo” pi. p> (w— p+) 


Qne6,.8 
2 T (ts) + 
wo pp. (w—p.)® wp? p> (w—p,)? 1 (4 


2ae_8 2ue_t 1 
| Be ORAL. © Ba gap (87) 
op, (w+p,) 2) op, pt (o—p,) 24 


and 


47 €_ E_ 46 
ie aay 10k ee = 
w" p- (w" — p+) m 


o° pi. (w* — p*) 


5 


L- log 5 = 


22 (€, €_ +m?) 


27 (€4 €_ +m?) 
. D-lo+ 
(wo — pi) pp.  * wp? p® (w*— p?) 
47 €_ es 47 €,. 
l_-lo + 1 -log — + 
oF (opi) Ds PE mw (w®— p2) pe p_ +8 
27 €- 290 &4. 
pana mh ed ey CAE f 
+ oF gE (o*— ph) * rn pe ee oe 
4m (€4—€&_) B+ + B- é. 47 (e.—e,) Bi +B- Ex 
eg a OO | a cy -- log |—————] log = + 
at pt pt > 1B, — B_| °F in or ppt °F |B, — B 
( 4x 47 &_ 
a —————— 


fx Sena 47 &4 )x 
O° pi P= w(w*—p?) pi pw (w®— p2) ps pe 


é fi Ge) lec a ( a) 


T (ts) + 
O+ D+) Dy p 1 ('3) 


27 €_ 2&4 r 27% 
Se : T(t 
oo — px) ps pe 3 8) wo (o+p_) pip. 1) wo (o—p_) pe p, 2") * 

t 
2 82 
—3—3—¢ [log® z, —Jog* 2.) - 2 7 _ 
op p | Catt eeteee wo pp 


+ E+ 
27 (€_ —e€,) es 1- 
-—45- foe re log 


~ (1 — & eke se\ be 
= log peste i(t Sa) + §(1 =a)| (38) 
From the formulae (65), (73), (84), (87), and (88) the value of Ts’ is 
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VI. Numerical results 


We have now completed the integration over the angular variables. What we 
are interested in is the value of 8 we arrive at if we integrate also over all the 
values of the energy of one of the outgoing electrons. The result cannot be 
expressed in terms of tabulated functions. We have therefore done the integra- 
tion over de, numerically. The value used for the mass of the x is 264 m, [13], 
and thus the energy w of each photon is 132 m.. We have multiplied J, and 
I, with p,p_, and normalized them so that the curve representing J, gives the 
Bethe-Heitler cross section in units 6=aZ*7r5. The curves are given as fune- 
tions of the energy of the outgoing positron, or, more precisely, as functions 
of the kinetic energy of the positron, divided by the total available energy, i.e. 
n=(€.—m)/(w—2m). As the curves are symmetric in + and — we give the 
values only for 0<7<0.5, or me<e,<66 m, in Fig. 3 and Table 1. 

The integration over de, is done in the following way. We use Simpson’s 
rule to determine the area under the curves from y=7, to 7=0.5. For each 


Table 1. Bethe-Heitler cross section (og-3,.) and —/ og-4. 


n= on le 0.05 0.10 0.15 0.20 0.25 | 0.30 | 0.385 | 0.40 | 0.45 | 0.50 
wo-2m 
op.-u.|¢ 7.80 9.33 9.88 | 10.04 | 10.04 | 9.96 | 9.86 | 9.77 | 9.71 | 9.69 


Fig. 3. Bethe-Heitler cross section og.-y, for 
@=132 me in units ¢ (I), and —f og,-4, in same 
units (II). 
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value of y, the quotient between the area from (II) and the area from (I) is 
taken. The square of this quotient is given in Table 2 and in Fig. 4 as a 
function of 7,. {*(7,) is thus the value we obtain for B® if we take into ac- 
count only those cases, where both the outgoing electrons have a kinetic energy 
larger than 7; (@—2m)= 130 7. 


Table 2. The coefficient f?. 


en 


Ny 0.00 0.05 0.10 0.15 0.20 0.25 0.30 | 0.35 0.40 0.45 0.50 


Fig. 4. The integrated angular correlation coef- 
ficient B? as a function of the smallest energy 
observed. 


0.1 0.2 0.3 0.4 05 


VII. Corrections 


We have made the computation in the Born approximation, and neglected 


the effect of screening. The conditions for the Born approximation to be 
applicable 


Ze 2 
“<1 and Berit (89) 
+ 


where v, and v_ are the velocities of the positon and the negaton, respec- 
tively, are well satisfied for light elements, except when one of outgoing particles 
gets almost all the available energy. As both I, and J, are very small for 
such an energy partition, even a large correction here will not change f? 
very much. 

At the energy in question the influence of screening is a much more serious 
effect. If we use the Thomas-Fermi model of the atom, the effect of screening 


is to multiply the cross section (14) with the factor (l1—F'(q))?, where F (q) is 
the atom form-factor 
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Pa=5{¢ (rye@F dV, (90) 


o(r) being the density of atomic electrons at a distance r from the nucleus 
according to Fermi’s model. /'(q) becomes comparable to 1 when q is of the 
Same order of magnitude as the inverse atomic radius. We get the smallest 
value of gq when all momenta are parallel to each other 


m m wm? 
~~ 


min — @ — it US ers oir ~ 5 
as Pee Sugeipr, AD aye) eer aia 


(91) 
the last equality holding approximately when all energies are large compared 
to me. In our case we get dmin=m/66=137/66 a, when e,=e_. For this 
value of g, F'(q) is about 0.26 for hydrogen (see e.g. [14] for a table of F (q)), 
and the neglect of screening seems to be a very serious drawback. However, 
the effect of screening is certainly very much smaller than the value of gmin 
might indicate. The influence of screening on the total cross section for pair 
production has been calculated by Bethe [15]. He finds that the main part of 
the pair production is ae: with a momentum transfer q between gpin and 
m,, the probability ¢(q) being proportional to 1/q in this region. The result 
of this is that the STAGE due to screening becomes fairly small for the 
energies we are interested in. The largest correction to the cross section comes 
when ¢,=e_- and amounts to about 4 % for hydrogen. The total cross section 
is about 3% less than it would be if screening were not taken into account 
(if liquid hydrogen is used in the bubble chamber). Now the integrands ap- 
pearing in J3 are exactly the same as some of the integrals appearing in J,, 
and it can easily be shown that the g-dependence here also is of the form 1/q 
in the region of q where the contributions to the integral are appreciable. 
This means that the correction due to screening is of the same order of mag- 
nitude for J; as for J,. The integrands appearing in J3’ are very similar 
to those appearing - iP the only difference being that the numerators of 
I;/ contain e.g. cos” u,, While the corresponding numerator of I; contains 
cos” wu, + sin? wu, cos” %. The corrections due to screening are therefore expected 
to be of the same order of magnitude for Jj’ also. Since the corrections to all 
the integrals diminish the absolute values of the integrals, the corrections to 
the computed value of f° is at most of the order of a few per cent for hydro- 
gen. As the atom form factor F(q) depends only on q Z ?, the error due to the 
approximations used is not very large for light elements. 
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